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Abstract 

■ We construct a generalized controlled phased gate entangler for a 

multi-qubit state based on the geometrical structure of quantum systems. 
We also investigate relation between the generalized controlled phase con- 
struction of a quantum gate entangler and graph state for two-qubit and 
three-qubit states. 
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§ ! 1 Introduction 

^3 . 

There are several schemes for quantum computation, e.g., standard scheme 
vi^hich is called quantum circuit model. An alternate scheme is called measurement- 
based quantum computation which is also called cluster state scheme or one-way 
^ \ quantum computer. The structure of cluster state scheme is very interesting 

and it is not yet fully uncovered [TJ [21 [3] . In the standard scheme the process- 
ing of the qubit is based on a sequence of one-qubit and two-qubit quantum 
gates which are unitary transformations. However, cluster state model differs 
from unitary scheme of quantum computation. One important class of these 

■ quantum gates is called the quantum gate entangler such as controlled not or 
\ controlled phase gates. Recently, we have constructed quantum gate entangler 

■ for multi-qubit states and general multipartite states [H [S] . In this paper we 
will construct quantum gate entangler based on generalized controlled phase 
gate for multi-qubit states. In section [2] we will give a short introduction to 
the standard quantum controlled phased gate and construction of cluster state 

■ based on this quantum gate entangler. In section [3] we construct a general- 
ized controlled phase gate for multi-qubit state. Then we will show how this 
gate could transform any product state to an entangle state. In section 0] we 
will give an illustrative example of generalized controlled phase gate construc- 
tion for three-qubit states and wc compare this construction with a three-qubit 
graph state. We also give a physical implementation of control phase gate and 
its generalization for multi-qubit states. This is a generalization of Hamiltonian 
of two spin systems. In following sections we need the definition of a complex 
projective space CP"^^ which is defined to be the set of lines through the origin 
in C", that is, CP"^^ = C" — 0/ ~, where the equivalence relation ~ is defined 
as follow; (xq, . . . , Xn) ^ {yo, ■ • ■ , Un) for A e C — 0, where — Xxi for all 
0<i<n. 



2 Controlled phase gate and cluster state 



In this section wc will give short introduction to controlled phase gate and 

cluster state generated by this gate. Let Z = ^ ^ '^.j^ ^ be a gate that acts 

on a qubit as Z\0) = |0) and Z\l) = — 11) Then, in a controlled phase gate CZ, 
the first qubit acts as the control qubit and the second qubit acts as the target 
qubit. If the first qubit is 1, then we apply a Z gate to the second qubit and if 
first qubit is 0, then we apply an identity gate to the second qubit. In matrix 
form it is given by 

1 



CZ=-ih 



'l2+h®Z + Z®l2~Z®Z), (2.0.1) 

where I2 is a 2-by-2 identity matrix. This controlled phase gate can entangle 
a quantum state. For example, let |+) ~ -^(|0) + Then, by applying the 
CZ to a product two-qubit state we get a cluster state 
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CZ\+) 



-(|00) + |01) + |10)-|11)). 



(2.0.2) 



It is easy to check that this state is an entangled two-qubit state. Note that the 
CZ gate is a special case of the following general gate 
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where C/o = 







and Ui 







(2.0.3) 

for e^"^" = e*"^! = 



e''^! y '^""^ ~ y e" 
^up2 _ 2, and e"'^^ = — 1. In following section we will generalize this construction 
of controlled phase gate for a two-qubit state into a multi-qubit state. 



3 Generalized controlled phase gate entangler 
for multi-qubit states 

In this section we will construct a generalized controlled phase gate entangler 
for multi-qubit state. We will also in detail discuss this operator for three-qubit 
states. For a multi-qubit state 



1^) = X! 0-x^^^x^_^...xo\Xm-lXm-2 ■ ■ ■ Xq) 

we define a generalized controlled phase gate 2^2™ x 2™ by 

X 2" = X 2" -2'2"> X : 

f Uo ■ 

Ui 



■ z. 
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C/2-"-i-l / 



(3.0.4) 

(3.0.5) 
(3.0.6) 



x=0 



where = I ^ ] for all a; = a;„_i2™-i + x™_22'"-2 ^02'^ 



(3.0.7) 
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For example for a; = we have 



^2™ X2" 



Uo 


02x2'" -2 


02'"-2x2 


^2'" -2x2™ -2 



where 02x2™-2 and 02m-2x2 arc zero matrices and /2™-2x2'"-2 is an identity 
matrix. Note that all decomposition matrices 2^2™ x 2™ and 2^2''»x2"» f^'^'' = 
0, 1, . . . , m — 1 commute, that is [Z|™x2™ i 2^2" x 2'"] = 0- 

There is also a geometrical interpretation of this transformation based on the 
Lie group. We define a Lie group to be a difTerentiable manifold G that satisfies 
a product map G x G — > G given by {g, h) i — > gh which make G into a group. 
This map and the map G — *■ G given by g i — > g~^ need to be difTerentiable. 
An example of Lie group G ^ is the abelian group of diagonal matrices of 
the form 

A = Diag(e*'^° , e"^° e"^^"' ) € G. (3.0.8) 

This Lie group is topologically x x ■ ■ ■ x , that is 2^-times topological 
product of 5*^ which can be identified by 2™-torus. The subgroup T^" of unitary 
group U{2"^) is called a maximal torus of f7(2™) and any conjugate hT^ 
of maximal torus is also called a maximal torus. Thus, we can see that our 
transformation Zim^im is a maximal torus if we assume that 

= e^v.^-i-m-2--o g c. (3.0.9) 
Then, we have following theorem. 

Theorem 3.0.1 Let 2^2"»x2"» be a generalized controlled phase gate given by 
equation US. U.5\) . Then, the state 

Z2^x2^{\+) (E) \+) (E) ■ ■ ■ (E) 1+)) e CP^^-S (3.0.10) 
with 1+) = --i=(|0) + |1)) is entangled if and only if elements o/Z2mx2™ satisfy 

'^X,ri~lXm-2---Xo'^ym-iym-2---yO (3.0.11) 

for all j = 0,1,..., TO — 1, where e CP^ is complex projective space of 
dimension 2'" — 1. The proof of this theorem follows from the Segre variety 

^{<^Xm~lXm-2---Xo'^ym.-iym-2---yO (3.0.12) 
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which is the image of the Segre embedding and is an intersection of families of 
quadric hy 
tensor [5]. 



quadric hypersurfaces in CP^ ^ that represents the completely decomposable 



4 Examples of controlled phase gate for multi- 
qubit systems 



To visualize our construction wc will first construct a generalized controlled 
phased gate entangler for a three-qubit state and then discuss a physically im- 
plementable construction of controlled phase gate for two-spin system that can 
be generalized to multi-qubit systems. For a three-qubit system -Zgxs is given 

by 
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'8x8^8x8^8x8^8x81 



where Z^^^,Zl^^,Z. 



gx87 ^-nd 2|xg are defined as follows 
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As an important but special case let e* 



(4.0.13) 

(4.0.14) 
(4.0.15) 

(4.0.16) 

(4.0.17) 
= 1 and 



givoii = g^vioi = g^viio = g^viii = _i. Then, we have following cluster state 

^8x8(1+) ® 1+) ® 1+)) = ^(1000) + 1001) 

+ I010) - |011) + |100) + |101) - |110) - |111)). 

Note that this state is entangled since e.g., aoooano aoio^ioo- This is also 
a graph state with three nodes connected which is obtained by applying the 
controlled phased gate CZ three times on node 1 and 2, 2 and 3, and 1 and 3. 

Next, as an illustrative and physically implementable example of our con- 
struction we will discuss the construction of a two-qubit gate [7]. For example 
let the Hamiltonian of a two-spin system without transverse field be given by 



(4.0.18) 



where uji is the frequency of spin i, J is the coupling coefficient, and a\ is the z 
projection operator of spin i. Then, we have 



F(|00) + |01) + |10) + |ll)) 
= VoolOO) + i/;oi|01) + i/^io|10) + i^iilll), 



where V'oo \{u}i + L02 + J), -001 = \{uJi- 0J2- J), V'lo 
and ipii ~ ■^(^^1 — (^2 + J) ■ Thus, the evolution of this two-partite system is 



(4.0.19) 

i(-Wi +UJ2 - J), 



give by 



/ e"*'^™* 

e-''^«i* 

e"*'^"'* 

\ e-*'''ii* 



(4.0.20) 



1^(0)). 



Now, if we substitute —ipxixot = ^xixoj for ^-U 2:1,2:0 = 0, 1, then we recognize 
our 2^2x2 matrix for this two-partite system. This construction can be gener- 
ahzed for multi-qubits systems, where the Hamiltonian acting on a multi-qubit 
state as follows 



i/(|00---0) + |00---l) + --- + |ll---l)) 
- V^oo...o|00---0) + 7/;oo...i|00---l) 



(4.0.21) 



where tpx^^ix^.^-xo = ^Xm-lXm-2---X0 

/t describes a specific multi-qubit sys- 
tem which we have explicitly defined for two-qubit spin systems. 

In this paper we have constructed a geometrical controlled phased gate en- 
tangler for multi-qunit states based on a generalization of controlled phase gate. 
The construction is simple and works for any multi-qubit quantum states. In 
continuation of this work, it would also be interesting to investigate the use 
of this method for construction of generalized graph states which arc building 
blocks of measurement-based quantum computer models. 
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